This article describes the measurement and evaluation of the system noise figure of a nuclear magnetic resonance spectrometer. A method was used which involved the console of the spectrometer, calibrated for real voltage (in volts), and used for noise signal digitisation and measurement. The resulting digitised signal was exported and processed, and the root mean square value calculated. This value was utilised for the noise power calculation, which was compared with the theoretical value and the noise figure calculated. The method presented enables analysis of the bandwidth of the noise. Many of the equations that are commonly used for signal processing have been derived for the specific task and require verification. We have verified the technique using a commercial console with two preamplifier pairs. The experimental data agree well with the theoretical values, confirming that the presented method is a valid, simple, and fast tool for the inspection of the spectrometer receiver.
Introduction
Many parameters of complex instrumentation must be checked regularly in order to ensure that high quality results are reported. The noise figure is an important parameter of the receiver in a nuclear magnetic resonance (NMR) spectrometer. Regular inspection of the receiver can reveal defects of the hardware or sources of interference. It is possible to measure the noise voltage only, but the noise figure is a widely reported parameter, and so use of this value allows for easy comparison. Professional instruments for noise figure measurement are expensive and only provide accurate results for frequencies above tens of MHz. At frequencies of MHz, the noise figure must be measured using different instruments such as the console of the NMR instrument [1] . The noise figure can be calculated by processing the measured noise voltage; however, some researchers have calculated the noise figure from continuous signals rather than discrete signals [2] [3] [4] . The noise level is always evaluated as part of a basic NMR experiment [5, 6] . Connecting the receiver coils of the NMR using inductive coupling can provide some advantages [7, 8] (higher comfort for operators, balancing the receive coil), and the noise figure of the entire inductively coupled system can be calculated using an equation [7] .
Signal processing and noise matching have been used to optimise NMR results [9] [10] [11] [12] [13] [14] [15] , although optimisation must be carried out in a manner specific to the particular experiment.
The system noise figure at frequencies of MHz can be determined using the "hot/cold resistor" method; however, this method has the disadvantage of requiring liquid nitrogen to cool the cold resistor. Not every working place may be equipped for such operations. The technique that we present here for noise figure determination utilises the NMR console, but in this case it is calibrated to the real values of voltage, and the noise voltage is measured and subsequently processed. Our technique provides a fast and accurate approach which only requires standard laboratory instruments and materials. The measured data is processed in two ways and the results are compared. First the noise figure has been determined at a narrow noise bandwidth, where the spectra may be considered constant and second at wider noise bandwidth with nonconstant spectra using the calculation of the equivalent noise bandwidth. The processing of the measured data is discussed elsewhere [16] . The theory and results described in the present article are useful for technical and experimental purposes and provide a platform for theoretical studies. Moreover, our research offers options for techniques which utilise the NMR spectroscopic console, which is available at 2 Mathematical Problems in Engineering Figure 1 : A simplified circuit diagram of the NMR receiver. (a) Signal and noise voltages at the two-port, (b) incoming noise power at the two-port. 1 : group of incoming signal or noise voltages, e.g., 1 , 1 , 1 , or 1 . : group of outgoing signal or noise voltages, e.g., , , , or (i-th term of the samples series). û is the noise bandwidth of the receiver. The noise spectra within the noise bandwidth should be constant. is signal voltage from source. , , are resistances of source, input resistance of the two-port, and load resistance of the two-port. is the absolute temperature of the resistance . √4
û is RMS value of the thermal noise voltage generated in the resistance (Nyquist equation). 1 is the noise power from incoming into the two-port.
many NMR laboratories. The technique has been tested at the hardware for measurements at low magnetic field but there is no reason why it could not be used also for higher spectra frequencies.
Theory and Methods
A simplified circuit diagram of the receiver is presented in Figure 1 (a). All impedances and voltages indicated are real values (not complex). In practice, these values are rarely accurate, but considerable research is dedicated to achieving accuracy, including the application of transmission lines matching. The power gain of the receiver including the preamplifier can be calculated using (1).
Consider the spectra frequencies and impedance temperatures where ℎ / ≪ 1 (ℎ = 6.62 × 10 −34 J/s is the Planck constant; = 1.38 × 10 −23 J/K is the Boltzmann constant). The condition limits the region where the noise is approximated by the Nyquist equation sufficiently accurately. The signal-tonoise ratio (SNR) of the signal incoming into the input of the two-port is given by (2).
The calculation behind the relationship 1 = û [2-4] can be explained using Figure 1(b) . The power of the thermal noise 1 , coming into the receiver from the source impedance , is split into two equal resistances, g and in , and is defined by (3).
is the absolute temperature of both in and the matched source resistance g , and û is the noise bandwidth of the circuit. For impedance matching, = , the value of 1 from the noise source ( g ) into the input resistance ( in ) is maximal and equal to the value of û . The SNR of the outgoing signal is given by (4).
Calculation of the noise factor using the incoming and outgoing signal SNRs can be achieved using (5).
Here always > 1. The noise figure in decibels is given by (6).
In practice, the noise factor and the noise figure should be measured at the room temperature = 0 = 290 . Calibration of the receiver is carried out using the coefficient (7).
The coefficient can be measured and calculated using a harmonic signal voltage (RMS, mean or amplitude) from an external signal generator, or using the signal from the transceiver of the console provided that signal measurement is accurate. If is in volts/ADC units, the receiver is calibrated and is dimensionless as it should be. The size of 1 must not exceed the limit for the truncation. The noise bandwidth of the receiver is not equivalent to the frequency bandwidth of the receiver. The spectrum related to the noise bandwidth should be constant and can be calculated from the frequency bandwidth (equivalent noise bandwidth), provided that the parameters of the receiver filter are known (gain versus frequency).
Given the shape of the noise spectrum, we present a simplified approach to the calculation. The measured noise voltage output of the matched receiver is shown in Figure 2 (a). By cropping both margins of the spectra, we generated modified spectra with a rectangular-shaped noise bandwidth indicating a more constant value of the spectra (Figure 2(b) ). This processing should be acceptable for most measurements. Equation (5) requires the route mean square (RMS) value of the output voltage. In order to calculate the RMS voltage, frequency samples must be calculated. By measuring the noise of the matched receiver, we obtained a series of time domain samples. To convert these into frequency spectra, a discrete Fourier transform (FT) was carried out. The FT can be performed directly using the console or later using computer processing of the exported data. The RMS voltage can then be calculated from the frequency samples ( ) using (8) . Spectra in Figure 2 consist of absolute values of such frequency samples.
Equation (8) was derived from definition of RMS for time samples using the information in [17] (the Parseval theorem). is i-th term of the outgoing noise frequency samples series.
A computer simulation was used for the verification. A time function with known RMS value was selected and given by (9).
For = 1 ÷ a vector of time samples was calculated under the following conditions:
number of samples =10,000 frequency 1 = 100 Hz The vector was processed using the discrete Fourier transform, resulting in frequency samples (10).
At the first sight (8) is similar to an average, but Figure 3 depicts absolute value of spectra (10) divided by . As assumed, all terms except those corresponding to the harmonic voltages are of zero values. The RMS voltage according to (8) is given by
Calculate the only for nonzero terms according to Figure 3 . It is a known fact that a resulting RMS voltage must be calculated using the quadrates sum of the participating RMS components. 
It indicates the following.
This are generally known RMS values of a real (not complex) harmonic signal.
It is evident that the RMS voltage of the i-th frequency sample is given by (15).

= (15)
The RMS voltage of all samples is given by (8) .
For cropping of noise bandwidth, (8) can be modified to
where 1 ≤ 1 < 2 ≤ . Ultimately, the first noise factor is calculated using
where is the number of samples after cropping and is the sampling time interval of the samples. For verification, we compared results using our simplified approach with those obtained using the conventional calculation (equivalent noise bandwidth), with (16)- (17) described previously. The noise spectra in Figure 2 (a) are the white noise created by resistance matching of the receiver input including a preamplifier, amplified by the receiver. Thus, the spectral envelope is modulated by the gain of the receiver and the receiver filter. The equivalent number of samples is given by (18).
The second powers of all sample voltages are summed and divided by the mean value of | | 2 round the operation frequency 0 . The second noise factor for the entire frequency bandwidth of the receiver is given by (19).
Sample noise can be eliminated in two ways: by filtering the measured voltages of samples using a software low-pass filter or by averaging the noisy samples. Following the latter option, we calculated | 2 |( 0 ) of 10,000 frequency samples and compared the results of both approaches (17) and (19) Verification experiments were performed in Bratislava and Houston on similar but not the same instrumentation. Therefore only the results measured in Bratislava are published in this article. Nevertheless, the results from Houston were important for verification of the experimental results, carried out in Bratislava, mainly in the beginning of the work.
Block diagram of the verification experiment is depicted in Figure 4 . An external RF generator is assumed for the receiver calibration.
Results
Verification experiments were performed on an experimental NMR scanner equipped with a home-made resistive magnet of 0.1 T and the Apollo spectroscopic NMR console (Tecmag Inc., Houston, TX). The console was utilised for Mathematical Problems in Engineering 5 imaging, operated at a frequency of 4.45 MHz. Console calibration was performed using the GFG-3015 function generator (Good Will Instrument Co., Ltd., New Taipei City, Taiwan). Calibration using the console transceiver was also tested in Houston. An external attenuator was necessary in both cases. The broadband preamplifier pair of AU-1579 (MITEQ, Hauppauge, NY) with 50-Ohm input and output impedances and = 1 dB (a catalogue datum) was used (selected randomly from three pieces). Another tuned preamplifier pair P4.45VD (Advanced Receiver Research, Burlington, CT) with 50-Ohm input and output impedances and = 1 dB (a catalogue datum) was also used, selected randomly from three pieces. We verified our theory through several experiments, the results of which are presented in Table 1 . The receiver with MITEQ broadband preamplifiers exhibited significant noise, which was improved by inserting a low-pass filter between the preamplifier and the console. The low-pass filter applied had a cut-off frequency of 10.7 MHz: SLP-10.7+ (Mini-Circuits, Brooklyn, NY). Using a filter with a cut-off frequency closer to the operation frequency of the spectrometer may further improve the noise figure value; however, the noise figure obtained with broadband preamplifiers and filters is similar to that observed using tuned preamplifiers. The data obtained using tuned ARR preamplifiers did not require a filter as the measured noise figure values were in good agreement with the catalogue data. Only small differences were seen between the results of (cropped) samples compared with those from samples. The difference did not exceed 0.13 dB (experiment no. 6, tuned-2 without a filter). All measurements were performed in the shielding cage of the scanner, and all connections used shielded cables. Measurements without a shielding cage resulted in much higher noise, which varied between measurements depending on the actual interference in the measurement space. Shielded cables alone are therefore not sufficient for an accurate measurement, and all instruments should be warmed up for some time before measurements are carried out. Also, changes in the inputs and outputs of the preamplifiers should be performed some time before the measurement.
The noise figures of the receiver with each of the four preamplifiers depending on the noise bandwidth are shown in Figure 5 . It can be seen that for frequencies close to 0 , the measured noise figure is inaccurate, possibly due to the low number of frequency samples. Between 50,000 and 300,000 samples, the value is approximately constant, falling rapidly beyond 300,000 samples.
The frequency, or noise bandwidth, in Hz can be estimated using (20), taken from the graph of Figure 6 .
The results of the noise figure measurements reflect our expectations, and it can therefore be concluded that the verification was successful. Furthermore, equations and derived formulae provided acceptable results.
Discussion and Conclusions
The purpose of this study was to develop and to test a technique for the determination of the NMR spectrometer receiver noise figure. We endeavoured to use only widely available or cheap instruments. The noise figure of the receiver obtained using a broadband preamplifier depends on the filter between the preamplifier and the console. The filter type and characteristic frequencies are the subject of further studies. It is possible that a suitable selection of frequencies could improve the noise figure of the entire receiver, which cannot be achieved by replacing the hardware low-pass filter with a suitable software low-pass filter. This suggests that the point of the receiver chain at which the filter is connected is an important consideration. Measured data was processed using calculations from the cited sources, but also from own derivations. The final results have proven that all the equations and derived formulae are correct. In the present study, methods were tested using a spectroscopic NMR console. However, the console must be able to calibrate the voltage in order to carry out the calculations, and so this may not be possible on all consoles. The primary application of the technique is to inspect the receiver of the spectrometer, but in some cases it can be applied for analysis of the noise figure of a tested preamplifier measurement. The method can be also applied to a magnetic resonance imaging (MRI) scanner, provided that the console is suitable. If the signal for the console is amplified by a broadband preamplifier, it is recommended that a suitable filter is connected between the preamplifier and the console for significant improvements in the noise figure. 
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